We consider N = 2 Kazama-Suzuki model on CP N =
. It is known that the N = 2 current algebra for the supersymmetric WZW model, at level k, is a nonlinear algebra. The N = 2 W 3 algebra corresponding to N = 2 was recovered from the generalized GKO coset construction previously. For N = 4, we construct one of the higher spin currents, in N = 2 W 5 algebra, with spins (2, , 3). The self-coupling constant in the operator product expansion of this current and itself depends on N as well as k explicitly. We also observe a new higher spin primary current of spins (3, 
Introduction
The duality between the W N minimal model conformal field theories and the higher spin theory of Vasiliev on the AdS 3 has been proposed by Gaberdiel and Gopakumar in [1] . Very recently, in [2] , this proposal has been clarified further and they claim that the W N minimal model conformal field theory is dual, in the 't Hooft and they predicted the self-coupling constant, for the lowest higher spin current above, which is valid for any N = 2 W N +1 algebra.
In this paper, we would like to see the AdS 3 /CF T 2 correspondence initiated by [3] more detail in the context of supersymmetric WZW model. Contrary to the purely bosonic case where the operator product expansion between the spin 3 and itself does not contain the spin 3 current in the right hand side, the N = 2 supersymmetric model has the operator product expansion between the multiplet with spins (2,
, 3) and itself where the right hand side contains this multiplet itself. For the bosonic case, it is obvious that the spin 3 current can occur in the 1 (z−w) 3 term. However, due to the symmetry in the operator product expansion of this current and itself, one can also obtain the same operator product expansion by interchanging the arguments between z and w and it turns out in this case, there exists the same spin 3 current in the above singular term but minus sign. Then it automatically becomes zero. This implies that the nontrivial self-coupling in the bosonic case occurs for the next spin 4 where the right hand side has this spin 4 current in the 1 (z−w) 4 singular term and we do not see any trivial condition like as above because of the even power of this singular term 2 .
What happens if there are N = 2 supersymmetries in two dimensions? One sees the presence of self-coupling even in the operator product expansion for the lowest higher spin current. One simple example is the operator product expansion for the spin 2 current and itself that is the first component of the above multiplet (2, 2 term in the right hand side. Due to the even power of this singular term, there is a nontrivial spin 2 current in this singular term. It is easy to see that there are no other self-coupling terms except this spin 2-spin 2 operator product expansion. Note that there exists usual spin 2 stress energy tensor and in N = 2 KS CP N model, the higher spin current contains other spin 2 current which is contained in the above multiplet. Of course, the spin 3-spin 3 operator product expansion can generate the self-coupling constant term but as we explained in the previous paragraph, this does not give us the self-interacting term. Fortunately, it is known, in [15] , that the self-coupling constant for the spin 2 current in N = 2 W N +1 algebra depends on the N and k explicitly, as in the bosonic case(the footnote 2).
As N increases, one expects that there exist new primary fields in the right hand side of 2 Some time ago, the self-coupling constant for the spin 4 current was obtained in [16] for W N minimal model using the free field realization. It depends on the central charge c and the N explicitly. See also the recent paper by Gaberdiel and Gopakumar [2] where one can find other relevant papers. As far as I know, so far, there is no direct construction for this self-coupling constant from the operator product expansion between the SU (N ) Casimir spin 4 operator [17] and itself. It would be interesting to see this feature although there will be lots of work to be done for this computations.
operator product expansion. For example, the spin 3-spin 3 operator product expansion in SU(N) Casimir algebra leads to other spin 4 current and its descendant in the right hand side [18, 19] . The relative coefficient functions appearing in the descendant fields for given primary field are also fixed by conformal invariance.
In section 2, we rewrite the N = 2 current algebra in terms of the currents living in the subgroup H and the currents living in the coset G H separately. The constraints for the currents are rewritten similarly. The Sugawara stress energy tensor is given in terms of the currents linearly or quadratically. For N = 2, we describe the lowest higher spin current with explicit group index contraction and the corresponding self-coupling constant is given in terms of the central charge or the level. For N = 4, the most of the material is new. We present also the lowest higher spin current in terms of composite Kac-Moody currents and explain the overall normalization constant which depends on either the level k or the central charge. We also observe the presence of a new primary current with spins (3, , 4) whose structure can be described from the conformal invariance. For the general N, we notice that the self-coupling constant for arbitrary N was determined form unitarity arguments in [15] .
In section 3, we take the large (N, k) limit of the operator product expansion between the lowest higher spin current and itself in the context of N = 2 W N +1 algebra. In section 4, based on the section 3, we compare the result of section 3 with the classical N = 2 W cl ∞ [λ] algebra developed in [5] . We will present the three bosonic operator product expansions. At linear order, one sees an agreement between the boundary and bulk theories.
In section 5, We summarize what we have found in this paper and make some comments on the future directions.
In the Appendix, we describe some details discussed in the sections 2, 3, 4.
There exist some related works in [20] - [27] , along the line of [1] .
2 The N = 2 current algebra, Kazama-Suzuki coset model and W N+1 algebra
Let us consider the hermitian symmetric space where the complex structure is preserved
Let G = SU(N + 1) be an even-dimensional Lie group with complex structure and let H = SU(N) ×U(1) be an even-dimensional subgroup. This implies that the N should be even. We introduce a complex basis for the Lie algebra in which the complex structure is diagonal and let us label the index of the group generators by A andĀ where A = 1, 2, · · · , Then the N = 2 current algebra can be described by the N = 2 currents Q A (Z) and QĀ(Z) with nonlinear constraints where Z stands for N = 2 superspace coordinates, one real bosonic coordinate z, and pair of two conjugate Grassman coordinates θ,θ: Z = (z, θ,θ). We consider the chiral currents where they are annihilated by D − and D − and for simplicity we use D for D + and D for D + . We present the N = 2 current algebra in the Appendix A.
In order to obtain the generalization of Sugawara construction, it is convenient to decompose the group G indices into the subgroup H indices and the coset 
The indices A, B, C, · · · corresponding to the group G are grouped into m, n, p, · · · of the subgroup H and a, b, c, · · · corresponding to the coset 
Then the original operator product expansions (A.1) can be reexpressed in terms of the currents (2.3) where the subgroup index structure and remaining index structure are manifest.
The ten(the all possibility among four currents) operator product expansions between these currents are
where 4 the complex spinor covariant derivatives are given by 5) and they satisfy the algebra
We also use a simplified notation as
In the first equation of (2.4), the property of fā mn = 0 = f m ab is used. In the second equation, one also uses fm ab = 0 = fc ab = f 
where one uses fc ab = 0 = f a mn = f m ab = fm ab . For example, the θ andθ independent terms in the left hand side can be obtained from the corresponding quantities in the right hand side of (2.8). Note that the unconstrained N = 2 currents have too many components and we have to impose constaints in order to preserve the number of the independent N = 1 currents [9] . As we will see the component currents explicitly, the unconstrained N = 1 affine Kac-Moody currents(or its component currents) are relocated into the component currents in an extended N = 2 superspace. One also obtains, from (2.6),
Also in this case, the quantities in the left hand side are not independent because they can be obtained from the quantities in the right hand side(cubic or linear terms) where all the derivative terms can be written in terms of quadratic currents via (2.8).
The Sugawara stress energy tensor for the group G = SU(N + 1) can be written in terms of
Note that there are linear terms in the currents as well as the quadratic terms. As before, by using the H-indices and
One can easily check that there is no singular term in the operator product expansions between the currents K m (Z 1 ), Km(Z 1 ) and the stress tensor T (Z 2 ). The corresponding central charge depends on N and k as follows 5 :
Note that the coefficients of the stress energy tensors (2.10) and (2.11) are the same. This is different feature from the coset construction for the bosonic theory where the diagonal subalgebra exists and the coefficients of the various stress energy tensors are different. Also, the level of the group SU(N + 1) and the level of SU(N) are same as each other. In other 5 This can be described as For the N = 2 currents, the component currents are given by
Due to the constraints (2.8) and (2.9), the θ-and θθ components of K m (Z) and J a (Z) are not independent but they can be written in terms of other independent terms. Similarly, theθ-and θθ components of Km(Z) and Jā(Z) can be written in terms of other independent terms. Let us emphasize how one applies the above two conditions 1) and 2). For the general N = 2 W N +1 algebra, we use them in N = 2 superspace but for fixed N = 4 case, we use the package [29] where the component result is necessary to obtain the operator product expansions. Therefore, one should apply the two conditions in the component approach. The component result for (2.16) is summarized in the Appendix C. For the regularity condition, given in 1), among 16 operator product expansions for each case, only the half of them are independent from the arguments in (2.17). Once we have checked the regularity condition for the independent components, then the condition 1) satisfies automatically, by construction. We do not need to check the other remaining half of the equations.
For the stress energy tensor 6 , one has 18) where the component fields can be obtained from (2.12) by using the covariant derivatives (2.5) with (2.6) and putting the θ,θ's to vanish. T (z) is a U(1) current of spin 1, DT (z) and DT (z) are fermionic currents of spin In next subsections, we will construct the higher spin currents explicitly. Starting with N = 2 case, one considers the N = 4 case and wants to generalize for arbitrary N which corresponds to N = 2 W N +1 algebra.
The
The N = 2 W 3 algebra has one additional extra higher spin current with spins (2,
as well as the N = 2 superconformal algebra (2.13), where one can write down the following component currents explicitly
In this case, the number of independent WZW currents is 8 and it is not so complicated to write down all the possible terms for the current (2.19). However, the explicit form for this current in [13] is not convenient to generalize to the arbitrary N = 2 W N +1 algebra because there are no any contractions between the SU(3) group indices.
For given result for the expression of (2.19) in [13] , one can think of the equivalent expression as follows 8 :
Our notation corresponds to the one in [10] as follows:
7 Similarly, our fields correspond to the ones in [10] as follows:
. 8 There are 48 nonzero structure constants. 21) and the self-coupling constant
where we replace the level k with the central charge c (2.21). Compared to the pure bosonic case(for example, the operator product expansion between the spin 3 current and itself in terms of WZW currents), as in introduction, the operator product expansion of W (Z) and itself in N = 2 superspace or in the component approach has a self-coupling constant term in the right hand side. For the bosonic spin 3 case, there is no spin 3 current that will appear in the 1 (z−w) 3 term in the right hand side of the operator product expansion. One can easily see this observation by considering the operator product expansion with reversing the arguments and realizing that there will be an inconsistency in the operator product expansion. However, this is not true for the spin 4 case. In general, the operator product expansion between the spin 4 current and itself(in terms of WZW currents) in W N algebra generates the spin 4 current in the right hand side. It would be interesting to find out the self-coupling constant for the spin 4 current in the bosonic case.
We present the operator product expansion in (D.3) at linearized level. Note that the coefficient functions in the right hand side are characterized by the central charge c and selfcoupling constant α. One sees that the α dependence appears in the current W (Z 2 ) and its descendant fields and the functions of central charge appear in the other remaining fields. 
where T (Z) is given by (2.12) and T H (Z) is given by (2.11). In other words, by looking at the explicit expressions (2.23), collecting the independent terms and adding these into the expression (2.20). Finally, it turns out that the correct higher spin current with spins (2, 
If one considers N = 2 W 4 algebra, then the coset can be described as
U (3)×U (1) by introducing the extra U (1)'s in order to have even-dimensional groups G and H from (2.1). In principle, one can find the corresponding N = 2 current algebra with U (4) group in the complex basis. This should correspond to the work of [15] .
where all the coefficient functions are given in the Appendix F explicitly 10 . This is an N = 2 current and one can read off the corresponding component currents with spins (2, On the other hands, one can make the explicit operator product expansion between T (Z 1 ) (2.12) and W (Z 2 ) (2.24) by using the defining equations (2.4). Since it should satisfy the primary condition (2.16), one can read off the above component currents straightforwardly by looking at the singular terms in the operator product expansion. We list them in the Appendix C. How to determine the spin 3 current, for example? First, we determine the spin 5 2 current DW (z) by using the seventh equation of (C.1) and reading off the
terms where one uses DT (z) from (2.18). Next, by using the fifth equation of (C.1) with spin together with (F.1). One determines the overall constant A(k) where the central charge is
Let us consider the 1 (z−w) 2 terms in the operator product expansion of W (z)W (w). In general, there are three different field contents, W (w), [D, D]T (w) and T T (w). The easiest 10 Totally, there are 249 independent terms if we expand out the structure constants(the number of nonzero structure constants is 492 from the discussion of the Appendix E) and the metric.
11 Also note that the previous spin 2 current (2.20) can be written in terms of (2.24) with the coefficients in the Appendix (D.2). 
Compared to the previous one for N = 2 (2.22), this is different from (2.22) . It seems that the factors (3 + c) 2 and (−1 + c) are common and they appear as N-independent factors but other factors should behave as N-dependent factors. Therefore, one should consider the most general self-coupling constant which will depend on N when one describes the Kazama-Suzuki model for the general N.
Let us consider the 1 (z−w) 2 term in the operator product expansion of the spin 2 field and the spin 3 field, W (z)(−1)
We do not present the spin 3 current here because the full expression for this is rather complicated. In general, there exist the seven different spin 3 fields in this singular term:
As in bosonic case 12 [17] , one expects that there should be the extra higher spin fields because the field contents of N = 2 W 5 algebra are given by the multiplet W (Z) with spins (2, , 4), for example,
Although it is rather involved procedure to extract the exact form for the new primary field explicitly, one can check the existence of this field by looking at the particular term in the corresponding 1 (z−w) 2 term. It turns out that, in N = 2 superspace, one should add the following extra singular terms in the operator product expansion W (Z 1 )W (Z 2 ), at the linearized level, compared to the N = 2 W 3 algebra described in previous subsection,
It is easy to see that all the relative coefficients can be fixed by using the conformal invariance, for given normalized factor 3 in front of V (Z 2 ) in (2.30). In the operator product expansion of φ m (z)φ n (w) ∼ φ p + descendant, the relative coefficient function, for given primary field, can be determined by conformal invariance [30, 31] . For example, let us put the arbitrary coefficients c 1 and c 2 and c 3 in the second, third and fourth term respectively. Then the operator product expansion of W (z)[D, D]W (w)( see also (G.4)) can be written in terms of
The descendant field of V (w), at
term, is given by ∂V (w). We do not write down other terms which are not relevant to our consideration. One uses the formula for the relative coefficient is given by 32) where the field φ m plays the role of W (z) which has a conformal dimension 2, the field φ n corresponds to [D, D]W (w) with spin 3 and the field φ p corresponds to V (w) with spin 3.
Therefore, the coefficient of ∂V (w) should be equal to −2 for given the coefficient −6 in front of V (w) in (2.31). That is,
. Then one has
Similarly, the operator product expansion DW (z)DW (w)(see also (G.7) and (G.8)) contains
By counting the conformal dimensions and using the above formula, one gets
The coefficient of ∂V (w) in (2.34) should be equal to 3 2 . Therefore, the following relation holds
Due to the structure of the formula, as long as h m = h n , the relative coefficient becomes 
Again, in this case, one has
The coefficient of ∂DV (w) in (2.36) should be equal to Due to the field contents for N = 2 W 5 algebra, there are other five operator product expansions in N = 2 superspace. In principle, one obtains them by taking the operator product expansions once all the primary fields are determined and expressed in terms of WZW currents, although the computations will be rather complicated.
The general
The self-coupling constant of the current with spins (2,
is determined from the unitarity arguments in [15] α(N, k) 38) where the central charge is given by (2.14). Note that the previous constants (2.22) and (2.27) can be read off from this general expression (2.38) by substituting N = 2 and N = 4
respectively. This behavior is also observed in the work of [5] by considering the singular terms 1 (z−w) 4 and 1 (z−w) 2 with spin 2 current in the KS model simultaneously because the normalization in the highest singular term is different from each other. They computed the operator product expansions between the spin 2 field and itself, by following [32] in the context of free field realization, for N = 2, 3, 4, 5 cases and obtained by extrapolating these results. Now one can write down the operator product expansion between W (Z 1 ) and W (Z 2 ) as follows: 39) where the central charge is given by (2.14) and the self-coupling constant is given by (2.38) 3N) ) .
One should see the linear structure in (2.39) for the operator product expansion of the current with spins (2, , 4) given by (2.29). Then one can continue to obtain the operator product expansion between W (Z 1 ) and V (Z 2 ) in order to find other higher spin current and so on 13 .
13 Let us remind that for the bosonic case, the spin 3-spin 3 operator product expansion determines the spin 4 current in the right hand side [17] up to the overall normalization constant that can be fixed by the highest singular term of spin 4-spin 4 operator product expansion. Then one can compute the spin 3-spin 4 operator product expansion and determine other higher spin current. For example, the spin 5 current. The N = 2 W 5 algebra should related to this bosonic W 5 algebra. It would be interesting to find the structure constant for this particular coeffcient in front of spin 5 current in the right hand side and see whether this will coincide with the previous result by using different method.
According to the observation of [2] , the original proposal in [1] should hold at finite (N, k) and one expects that the quantum deformation algebra of N = 2 W cl ∞ [λ] in [5] should satisfy the algebraic structure in (2.39), at finite (N, k).
3 The large (N, k) 't Hooft limit of N = 2 W N+1 algebra
We would like to describe the large (N, k) limit for the operator product expansion between the lowest higher spin current W (Z 1 ) with spins (2,
Similarly, one also has the following limit for the self-coupling constant (2.38)
From the observations for N = 2 and N = 4 cases in previous subsections, one expects that the operator product expansion, in the large (N, k) limit, together with (3.1) and (3.2),
where c(N, k) and α(N, k) are the values after taking the large (N, k) limit, given in (3. 
We also present the CFT fields with HP index in the last entry in order to specify them from [5] .
In order to obtain the AdS 3 result, the normalization factor should occur in the operator product expansion of spin 2 current and itself
where we also present the large (N, k) limit (3.1). This expression is a genealization of [32] where the β(N = 2, k) was found for fixed N = 2 case. Similarly, one also has the following limit for the self-coupling constant (2.38) as before
From the operator product expansion in Appendix G and the following relations between our currents and the field contents in [5] . One sees the similar structure in [10] . term (4.5). If there is a new primary field in that singular term, one can change the arguments z and w and use the series expansion around w. Then it turns out there is a minus sign for this primary field. This implies that there is no extra new primary field of spin 3.
By using the identification (4.7) and (4.4), one also computes the large (N, k) limit for the operator product expansion between the spin 2 current and the spin 3 current, from (G.4), as follows: For example, the relative coefficient 1 3 on the descendant field ∂W − 3,HP can be obtained from 15 This can be written in terms of modes as follows:
,HP ) m+n + Nonlinear terms, which can be compared to [10] . [31, 33] 
It is not strange that there is no descendant field for the W − 1,HP (w) because according to the counting of (2.32), the numerator becomes zero(h m = 2, h n = 3 and h p = 1). This implies that the coefficient for the descendant field ∂W , 3 20 , and 1 30 , for the spin 2 current in the right hand side, are standard values in the well-known W 3 algebra.
See, for example, the review paper [34] . The coefficient 3 20 is nothing but 1 4 hp+1 2hp+1 and this becomes 3 20 at h p = 2 [30] .
We also present the remaining 6 operator product expansions, in the large (N, k) limit in (G.11), (G.12), (G.13), (G.14), (G.15), and (G.16) . Due to the N = 2 supersymmetry(the current multiplets T (Z) and W (Z) and their operator product expansions can be organized in manifest N = 2 superspace), compared to the bosonic case, one could obtain much informations on the various operator product expansions. In other words, for given operator product expansion of N = 2 currents(only after this is determined by other method, for example, Jacobi identity), there exist 16 component operator product expansions. Without any input for the N = 2 supersymmetry, one should analyze all these operator product expansions separately [10] . For example, for the N = 2 W 3 algebra, by exploiting the package of [28] with Jacobi identity, one can easily obtain the operator product expansion for the higher spin current in N = 2 superspace.
Conclusions and outlook
We have constructed the N = 2 current with spins (2, (2.27) in N = 2 W 5 algebra. We also have found the extra singular terms in the operator product expansion in (2.30) which were not present in N = 2 W 3 algebra. By observing the self-coupling constant (2.38) which depends on (N, k) explicitly, the large (N, k) limit of N = 2 W N +1 algebra contains the particular operator product expansion given in (3.3). We have identified this with the corresponding N = 2 classical W cl ∞ [λ] algebra in the bulk.
• It is an immediate question to ask how one obtains the higher spin current including (2.20) and (2.24) for N = 2 W N +1 algebra. From the structure of (2.24), one can try to write down the correct ansatz for the possible terms(one might add a few extra terms which are not present for N = 2 or N = 4 case) and then apply to the two conditions 1) and 2) in (2.15) and (2.16). It is nontrivial to find the identities for the multiple products between the structure constants in the complex basis and to collect the independent fields in each singular term. These are necessary to check the right singular structures.
• It would be interesting to obtain the quantum N = 2 W [6, 35] and the corresponding quantum algebra has been studied in [2] . See also [18, 17] . We expect that there are extra linear terms for the nonlinear composite currents in (3.3) . From the observation [36] , as we take c → ∞ in the quantum operator product expansion, any composite field(product of n fields) where the c's power in the denominator is greater than (n − 1) will disappear in the classical limit.
For example, the standard spin 3-spin 3 operator product expansion has the nonlinear term Λ(w) ≡ T T (w) − 
term [34] . In the c → ∞ limit, the ∂ 2 T (w) term in the Λ(w) vanishes while the T T (w) term survives. In quantum theory, the extra term like as ∂ 2 T (w) in the Λ(w) exists. On the other hand, it is an open problem to obtain the bosonic subalgebra(how to one gets the bosonic W 5 algebra) or N = 1 subalgebra for the algebra we have described, along the line of [10] .
• According the classification for the KS model [7] , there exists the following coset model also
It would be interesting to find the higher spin currents for this model and see how they arise as an N = 2 nonlinear algebra. Once we construct the complex basis for the group SO(N + 2), then the current algebra similar to (2.4) should exist. Only the structure constants and dual
Coxeter number can change. Then the standard Sugawara construction can follow similarly, along the line of [37] . See also the relevant works in [38, 39] .
• As pointed out in [40] , it would be interesting to construct the more supersymmetric higher spin AdS 3 supergravity dual to the N = 4 superconformal coset model that can be realized by the N = 4 current algebra for the supersymmetric WZW model. As a first step, one can use the previous work of [12] where the N = 4 superconformal algebra(the spins for all the currents are less than or equal to 2: the spin 2 current, four spin in the context of [41] . Note that the full N = 4 superconformal algebra is generated by the stress energy tensor T (Z) with spins (1,
, 2), two N = 2 currents with spins (
) and a N = 2 current with spins (0,
• From the result of [6] , one expects that the linear structure in (3.3) should have the higher spin algebra in [42, 43] , although the explicit relations are not given in this paper.
One cannot use their expressions directly because the currents or generators are not primary fields. So in order to compare with our results here, one should obtain the correct primary fields with respect to the stress energy tensor. Of course, the higher spin algebra is not a subalgebra of the ultimate quantum algebra but is a subalgebra in the c → ∞ limit. In general, the ultimate quantum algebra does not contain higher spin algebra as a subalgebra.
• It is an open problem to reconsider the previous analysis in [3] , under the large (N, k)
limit, along the line of [2] . This can be done only after the N = 2 quantum W qu ∞ [λ] algebra is found.
where the nonlinear constraints are given by [9, 13 ]
The Jacobi identities of the algebra (A.1) are satisfied under the constraints (A.2). The operator product expansion QĀ(Z 1 )Q B (Z 2 ) can be obtained from the third equation of (A.1).
The stress energy tensor can be written as
In the section 2, we rewrite the equations (A.1), (A.2) and (A.3) in manifest way of the subgroup H and the coset
Appendix B The N = 2 current algebra (2.4) in the component approach
The 22 operator product expansions, by expanding the above operator product expansions (A.1) or (2.4) into the component, can be summarized by
Here we use the component currents (2.17) in order not to introduce many different notations for various fields with different spins. Of course, the remaining 14(= 36−22) operator product expansions do not have any singular terms
Due to the limitation of [28] , we compute the operator product expansions for N = 4 via the component approach given in [29] . Note that the k-dependent terms in DK m (z)DKn(w) and DJ a (z)DJb(w) (B.1) are the same as (k + N + 1). This was used in (2.14).
Appendix C The operator product expansion (2.16) in the component approach
One writes the operator product expansion (2.16), from (2.18) and (2.19) , in terms of components as follows:
Note that the remaining three operator product expansions T (z)W (w), DT (z)DW (w), and DT (z)DW (z) do not have any singular terms. It is obvious, from the last four equations of (C.1), that the component fields (2.19) are primary with respect to the stress energy tensor.
Appendix D The coefficient functions in the primary field in N = 2 W 3 algebra
In (2.20), we write down the spin 2 current with various contracted terms. The coefficient functions are given by
,
The other way to express the spin 2 current with spins (2,
, 3) is to take the ansatz for N = 4 choice given in (2.24) . By requiring the two conditions (2.15) and (2.16), one gets the following coefficient functions which depend on the level k explicitly as follows:
Now we present the operator product expansion of spin 2 current and itself [13] , at the 
Note that T 7 = iH 1 + H 2 and T 8 = iH 3 + H 4 where the four Cartan generators are given Moreover, the 492 nonzero structure constants can be obtained from the commutator relations
It is straightforward to obtain the complex basis for general N. This will be necessary to analyze the N = 2 W N +1 algebra. It is nontrivial to write down two U(1) generators in the subgroup H explicitly.
where the overall coefficient function A(k) is determined and is given by (2.25) . One can also analyze the large k limit where the N is fixed along the line of [45] . Then some of the coefficients in (F.1) can survive.
Appendix G The operator product expansions in the component approach for (3.3) in N = 2 W N+1 algebra
In practice, it is better to compute the operator product expansions in the component approach(there are some problems in using the package [28] directly) and they are given by where we write down the operator product expansions for the DW (z) and DW (z) by taking the sum or difference between them because we want to compare them with the asymptotic symmetry algebra in the AdS 3 bulk theory directly. One can also obtain the separate operator product expansions by adding or subtracting the corresponding equations without any difficulty.
In section 4, we only presented some of the large (N, k) limit for the full algebra. Here we complete them by repeating those analysis as follows. For the operator product expansion between the spin 2 and spin This corresponds to the equation of (3.48) of [5] 17 . We also use the normalizations like as 17 The commutator is given by [(W which will lead to the equation (3.50) of [5] 20 .
The operator product expansion of spin 
